We discuss the relationship between ISO(2,1) at connections and space-time geometries in 2+1 dimensional pure gravity. We can construct the latter from the former when appropriate local gauges are chosen. Gauge transformations act on the resulting geometry non-trivially.
Introduction
Einstein gravity in 2+1 dimensions can be more or less identi ed with a Chern-Simons gauge theory (CSGT) of structure group ISO(2,1) (2+1 dimensional Poincar e group). This relation can be exploited to construct a computable model for quantum gravity 2] 3].
In this note we examine a basic element of the above relation. We ask how we can construct space-time geometry, given a classical solution for the CSGT. A space-time in (2+1)-dimensional pure gravity is at Lorentzian. A classical solution in the ISO(2,1) CSGT is an ISO(2,1) at connection. We would like to see how the information on the at Lorentzian structure is encoded in an ISO (2, 1) at connection. The main conclusion we are going to draw is well-known 4]: the holonomy of a at connection is that of the associated space-time geometry.
Our starting point is the following relation between an ISO(2,1) at connection A and a dreibein-spin connection pair (e; !) 2]:
A = e a P a + ! a J a ; (1:1) where P a ; J a (a = 0; 1; 2) are a basis for the ISO(2,1) algebra with the commutators P a ; P b ] = 0; J a ; P b ] = abc P c ; and J a ; J b ] = abc J c : We elaborate this relation in sect.2. We shall globalize eq.(1.1) together with the dreibein-spin connection interpretation and provide some justi cation from a comparison of the ChernSimons action to the Einstein-Hilbert action. Given a at connection 1-form A and accepting eq.(1.1) with that interpretation, in principle we have a dreibein and spin connection describing a space-time geometry. To see what geometry we have got, it should be useful to develop the at Lorentzian space-time in the Minkowski space X as we do in sect.3. Here to develop means to map the universal cover of the spacetime into X so that the induced metric from X reproduces the spacetime metric. The action of the fundamental group on the universal cover as seen in X gives the holonomy of the geometric structure. Then the assertion about the holonomies is obtained quite naturally. We can construct the space-time geometry but we cannot trust everything. As we shall see in sect.4, gauge transformations act non-trivially on the geometry.
Some terminology
We collect some technical terms and conventions to facilitate a global description of the CSGT.
We let ISO(2; 1) 0 denote the maximal connected subgroup of ISO(2,1). We take ISO(2; 1) 0 as the structure group of our gauge theory instead of the full group ISO(2,1). Let 
The integrand is identical with the rst term on the right-hand side of (2.3). Assuming the ISO(2; 1) 0 bundle P is at, we take A to be a xed at connection, which eliminates the second term on the right-hand side of (2.3). Then (2.3) implies that the action (2.4) can be interpreted as a Chern-Simons action and that it is invariant under gauge transformations that reduce to SO(2; 1) 0 transformations on the boundary of M: To be precise, (2.4) is the Einstein-Hilbert action only when the e is nondegenerate everywhere. So the action (2.4) with (1.1) is a generalized form of the Einstein-Hilbert action. We see from the above that the equation of motion of the Einstein theory is formally identical with that of the CSGT and that the former theory is invariant under in nitesimal ISO(2; 1) 0 gauge transformations (with an appropriate boundary condition).
Development and holonomy
The These equations state that the spin connection ! is torsionless at. A geometric consequence is that the space-time M with A is at Lorentzian. (This statement contains an abuse of mathematical terms when e is degenerate.) This means that we can map the space-time into Minkowski space X preserving its local metric content. We are going to construct such a map.
Tentatively we assume that e is non-degenerate at a point in M. Let U be a simply connected neighbourhood of which is identi ed with a neighbourhood of X. The (e; !) being a dreibein-spin connection pair means that with the tangent dreibein e a dual to e a they satisfy the relations, Conversely we claim that a metric-preserving map of U into X can be obtained by integrating the rst-order di erential equations (33) with initial data q , f a at . We assume the neibourhood U of is connected simply connected but not that e is necessarily non-degenerate. In fact eq.(33b) preserves the orthonormality of f a during the integration along paths in U from . Hence eq.(33a) says that the metric on U induced from X via the resulting map is equal to ab e a e b , as desired.
The integrability of the di erential equation system (33) is given by the atness condition (3.1). Now we set out to rewrite eqs.(33) in terms of A: We can identify a Poincar e transformation on X by noting how it acts on a (non-degenerate) tangent dreibein to X. If we take f a at q as the reference, any element of ISO (2; 1) This induces an action of the ISO(2; 1) 0 algebra on frames. If we take the algebra basis P a ; J a as referring to the f a at q , the di erential system (33) takes the form, du = u A:
Thus we can rephrase the procedure to obtain a metric-preserving map of U into X as follows. We rst get a frame eld u(p) on U by integrating eq. So we have a local version of the map we have been looking for. To get a global version, we extend the above construction to general paths from , not necessarily con ned to its neighbourhood. In the integration of eq.(3.5), we may need to switch local sections over the path. We adopt the following transition rule for u compatible with eq. where the integration is over a representative path for and the path ordering P instructs that the operators along the path be put from left to right. In a general case we have to insert transition functions as we switch the sections for the local expressions of A over the path.
How does the holonomy homomorphism relate to space-time geometry? From the construction of the development map , we can convince ourselves that for any u ( ) as the initial data over instead of u with the ISO(2; 1) 0 action on frames unchanged. This implies the identity
On the right-hand side ( ) 2 ISO(2; 1) 0 is acting as a Poincar e transformation on X. The measures the obstruction to mapping the at space-time M with e into the Minkowski space X preserving the`local' metric content. If the e is non-degenerate, the space-time M is a at Lorentzian manifold and gives the holonomy homomorphism for the the corresponding geometric structure on M 7] . Thus the holonomy of connection A is also that of the space-time geometry associated with A.
Gauge dependence
The space-time geometry is unique if we have a at ISO(2; 1) 0 connection A and a system of local sections with SO(2; 1) 0 -valued transition functions. For it is the same as having dreibein-spin connection pair (e; !). We would like to see how the geometry depends on the choice of the local sections. This is equivalent to asking how it is a ected by gauge transformations. For descriptive simplicity we let M = X and consider the situation where the development map is the identity map = id:M = M = X ! X. Any smooth oneparameter deformation of can be brought about by some gauge transformation.
To restrict ourselves to the local transformations, we take a ball B in M and consider the deformations that leave the values of on MnB unchanged. Some of the deformations de nitely change the geometry. For example we can drag the image of a portion of the interior of B to the outside of the image of the boundary of B: The geometry is changed by this since some of the geodesic lines passing through the pulled-out portion terminate within B M.
A few comments are in order.
1. The gauge dependences in examples 1 and 2 can be removed by demanding that gauge transformations reduce to SO(2; 1) 0 transformations on the boundary, t ! 1 for ex.1 and r ! 1 for ex.2.
2. The gauge dependence in ex.1 may be dismissed as unphysical if we postulate the maximality of the space-time. In that case we have to choose the right gauges for each at connection.
3. There will be no large gauge transformations if we exchange the structure group ISO(2; 1) 0 with its universal covering group. Ex.2 does not apply to this case.
Basically the space-time geometry constructed in the previous sections is gauge dependent. We may alter the situation by postulating what gauges are admissible. This amounts, after all, to furnishing geometric information as postulates to ll the gap between the information the holonomy holds and what is necessary to construct the full geometry of the space-time. To put it di erently, laying a definite correspondence between ISO(2; 1) 0 connections and space-time geometries is equivalent to classifying by the holonomy all the geometries physically reasonable in the problem under consideration. An important example of such a classi cation
